Improvement of the monotonicity properties of the difference schemes by building in them of the monotonizing operators
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Abstract.
The method of monotonization of difference schemes is being considered in the paper. The method was earlier proposed by the author for stationary problems. It is investigated in the paper more profoundly. The idea of the method is to build the monotonizing operators into the schemes so that the balance relations from point to point are not violated. Different monotonizing operators can be used to be installed in the schemes. Propositions concerning approximation and stability of the monotonized schemes are formulated and proved. Also a proposition significant for practical use of the schemes is formulated and proved. The idea is to use the monotonized schemes in the cases when the proposition conditions are fulfilled. The proposition is based on closeness of solutions of the initial and auxiliary schemes. Constructions for solving of time dependent problems are also written in the paper. One dimensional example and threedimensional hydrodynamic example are considered. The method allows to considerably decrease value of calculations in many cases.
Method construction.
Let 0 ) (  u A (1) is some difference scheme [1] [2] [3] [4] for a stationary boundary-value problem. u -is a mesh function
n R -real n -dimensional space, A is a finite dimensional operator (may be nonlinear):
It is supposed that the problem may contain several variables and be multidimensional. we shall use these single-indexed notification or multi-indexed notification of the variables of the multi-dimensional problems depending on the context and being ensured that a one-to-one correspondence is established between these two forms. It is supposed here that the scheme is constructed by the balance method or by the finite-difference approximation method.
The solutions of such problems are often nonmonotonic (oscillating from point to point), and the mesh should be refined more than it is necessary to describe the being investigated function adequately. Note, that a nonmonotonicity means a nonmonotonicity in space (not in time) here, and it is the nonmonotonicity from point to point, i.e. oscillations take place at each or at almost each mesh step. And the exact continuous solution, for example in one dimensional case, may be nonmonotonic but it is monotonic in the intervals between extremes.
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Methods of construction of monotonic difference schemes, different variants of smoothing operators for monotonization of the found solutions and some other related topics are considered in the papers [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and others. Often such a monotonization disturbs balance equations. Some method of monotonization conserving balance equations was proposed by the author [16, 17] .
This method is being investigated in this paper. The idea of the method is not to monotonize the found solution but to install the monotonizing operator into the difference scheme so that the solution will be already monotonized. Practically it is often possible to get similar results by monotonization of the found solution [9] despite the disturbance of the balance equations.
Another way is to construct initially monotonous schemes. Comparison with the Flux-Corrected
Methods [3, 8] is more difficult because of their variety. May be some of such methods can be transformed to the form that discussed in this paper. But the method proposed in [16, 17] is based on other ideas. It is mathematical and doesn't use physical considerations.
Let us describe the construction of the monotonization method. Note that here we speak not only about an unconditional monotonization but also about improvement of monotonicity properties in comparison with the initial scheme. The difference scheme (1) can be written in the
where the operator D calculates difference derivatives up to the necessary order and the operator F describes physical laws. Usually operator D is «explicit» -it calculates values of the derivatives by explicit formulas using several surrounding points of some pattern. If the solution of the scheme (5) is nonmonotonic then it is offered [16, 17] to improve monotonicity properties by changing the operator
which calculates the vector of derivatives from the vector of the mesh function as a solution of equation, i.e. there is an analogy with implicit schemes on time. Note here S.K. Godunov scheme "cancellation of discontinuity" and TVD-scheme of Chakravarthy-Osher that produce monotonic solutions and calculate derivatives in different ways depending on some conditions [3, 5, 6, 12] .
Improvement of monotonicity properties can be considered as disappearing of the false extreme points, decreasing of oscillations amplitude, decreasing of the total fluctuation [12] . The operator imp D can be constructed of the operator D and some monotonizing operator M applying some algorithm which will be described in what fallows. As a consequence of this procedure the monotonicity properties of the solution become improved under some usually fulfilled conditions.
"Explicit" operators B and C can be constructed so, that
It leads to decrease of calculations amount. Here v is an auxiliary mesh function, and u is the desired solution.
Constructively the operator Monotonizing (smoothing) operator in three-dimensional case like (4) with a regular mesh at each direction can be for example of the following form: [7, 9, 10] . Variants of definition of monotonicity properties are discussed for example in [12, 17] .
To construct the monotonized scheme let us change the first argument in the scheme (8) by means of operator (9):
As a result an auxiliary difference scheme is derived in which not only derivatives are approximated but the function is approximated as well. To distinguish the solution of this scheme from the solution u of the scheme (8) 
It is convenient to solve the scheme (10), (11) in such a form but it is possible to write it in the usual form similar to (8) if M is invertible: It is necessary to find derivatives as solutions of equations in such a form but may be it is more convenient to derive proofs for such a notation.
Schemes (10), (11) and (12) are a new kind of schemes. In (10), (11) the operator M can be degenerate and in (12) it should be nondegenerate. So the scheme (10), (11) is more widely applicable.
Proposition 1. Approximation order of the scheme (10), (11) is greater or equal than the smaller of two numbers -approximation order of the scheme (8) and approximation order of monotonizing operator.
Proof is evident.
Proposition 2.
Let the scheme (8) is also nondegenerate for these h . The left side of (8) is
and the left side of (12) is
. The second members   . So (8) and (12) 
Proposition 3. Let at some
where u is a solution of the scheme (8) and
at this h where v is a solution of (10). Then
Proof. The possibility to find monotonic solution at less number of mesh points is essential in multidimensional problems. For example decreasing of the number of points by a factor of 5 in each direction for a three-dimensional problem causes decreasing of the total number of points by a factor of 125. Practically the necessary number of points usually can be determined by small changing of solution under reducing of the mesh step by factor of 2. Note that schemes considered in the paper [9] algebraically are not (10), (11) but (8) and further smoothing of the solution.
Finally in this item let us construct conservative monotonized scheme for dynamical difference scheme
Applying the form (12) we derive
and using the auxiliary variable v we derive
In all the forms (16)- (18) 
at each iteration to find
One-dimensional scheme.
Let us consider a boundary value problem:
Now we construct a difference scheme for the problem (18) . Let u is a mesh function
. The values 0 u and 1  n u we consider as given boundary conditions. Let operators for calculation of the first and the second derivatives be the following:
so we write the following difference scheme:
k are real numbers. For the problem to be nondegenerate we assume 0 3  k .
Thus a difference scheme of the second order approximation is constructed for the problem (18) .
Let us improve monotonicity properties of this scheme.
Definition. We shall speak that a mesh function u oscillates from point to point at the
) when and only when inequalities The monotonizing operator M let be the following
and the monotonized solution
It is possible to write difference scheme (20) in the form (8)
And the difference scheme (23), (24) in the form (10), (11) . , 0 ) , , (
Solutions of the systems (23) and (20) differ the following
So if u is nonmonotonic then conditions analogous to proposition 3 ones are also normally satisfied in this case.
Note 1. Verification of the conditions can be done for example numerically.
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Note 2. Solution of the scheme (23), (24) will be essentially more precise in the case if oscillations take place around the precise solution.
An example of such a situation for a mesh of 11 points is given at fig 
u =0.5. Solid curve is a solution at 100 point mesh which can be considered as almost precise one
In [17] it is sown that smallness of It is possible to make analogous reasoning like in previous paragraph for linear multidimensional case.
Check-up of the construction (10), (11) for steady equations of incompressible liquid flow showed that monotonicity properties of the solution essentially improve. Calculations were performed in a cubic area at a regular mesh but the method can be generalized for many other cases. To illustrate a calculation of a nonlinear physical problem using the scheme (10), (11) let us consider a problem that was investigated by the author while investigation of liquid flows through filter cells [18, 19] . Consider a system of Navier-Stokes equations:
. 0 
